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Classical gravitation is treated from the point of view of non-equilibrium thermodynamics. Grav-
itational potential is a thermodynamic state variable in a weakly nonlocal treatment. Entropy
production is calculated and the simplest solution of the inequality with corresponding fluxes and
forces is given. In case of ideal gravitation without dissipation one obtains the Poisson equation.
Thermodynamics and gravitation are both universal theories, because their validity is independent of material
structure and composition. Thermodynamics can be connected to gravitation when both are considered as emergent
theories. Emergent in the sense that their laws are originated in an underlying microscopic dynamics. The various
attempts to connect thermodynamics and gravitation are focusing on general relativity (some of the many notable
attempts are [1–4]). According to this concept, Newtonian gravitation must be emergent in the same sense. In this
work we embed Newtonian gravitation into nonequilibrium thermodynamics. With our approach the emergence of
gravitation is based on the entropy inequality alone, without any particular microscopic background. However, a
particular aspect of the thermodynamic theory is weak nonlocality, it is based on gradient dependent thermodynamic
potentials, where the field energy of gravitation plays an important role.
In nonrelativistic continua the gravitational force density is a source term in the momentum balance, the gravi-
tational energy is represented by the potential and is separated from the internal energy. The power of gravitation
can be smaller or larger than zero, because it is considered as an external effect. Gravity is introduced through the
gravitational potential, which is subtracted from the total energy density (see e.g. [5, 6]). The distinguishing property
of our approach is the separate representation of the field energy of gravitation [7–9]. This field energy is proportional
to the square gradient of the potential, therefore the equation of state depends on the gradient of a state variable,
therefore it is a weakly nonlocal contribution from the thermodynamic point of view.
Weakly nonlocal extensions frequently appear in physics. Notable examples are the phase field theories [10, 11],
but generalized continua, see e.g. [12, 13], are also weakly nonlocal from a thermodynamic point of view, and can be
treated in a non-equilibrium thermodynamic framework, [14]. A correct weakly nonlocal extension of non-equilibrium
thermodynamics requires a concept of extensivity, with an extension of the classical first order Euler homogeneity to
gradient dependent thermodynamic potentials [15]. In this paper we introduce a theory of gravitation in the framework
of weakly nonlocal non-equilibrium thermodynamics and obtain the Poisson equation in the ideal, nondissipative case,
when direct gravitation related dissipation is zero. First, thermostatics is treated, then the entropy production is
calculated. For the sake of simplicity only heat conducting fluids are considered, the extension to solids and coupling
to other classical fields is straightforward.
I. THERMOSTATICS OF GRAVITATION
In the following thermostatic relations are expressed with specific quantities. The specific volume v is related to
the mass density, as ρ = 1/v. The specific total energy is denoted by e, and the specific energy of gravitating matter,
the gravitational potential by ϕ. Then the internal energy u is the difference of the usual internal energy e and the
energies of the gravitating matter and field. With specific quantities it is given in the following form
u = e− ϕ−
∇ϕ · ∇ϕ
8piGρ
. (1)
Here ∇ is the spatial derivative, · denotes the contraction. G is the gravitational constant. The last term is the
specific gravitational field energy, whose separation from the internal energy is the key aspect of the theory. Then the
2specific entropy is the function of u and the specific volume v = 1/ρ, and the Gibbs relation becomes
du = Tds− pdv = de − dϕ− d
(
∇ϕ · ∇ϕ
8piGρ
)
. (2)
Here T denotes the temperature and p is the thermostatic pressure. The specific quantities are convenient for the
following calculations. The extensivity of the matter and field, that is the first order Euler homogeneity of the entropy
is expressed with the previous specific quantities as
u = Ts− pv + µ = e− ϕ−
∇ϕ · ∇ϕ
8piGρ
. (3)
Here µ is the chemical potential and this formula is the consequence of the extensivity of the gravitating matter and
field.
II. ENTROPY PRODUCTION
The entropy balance expresses the second law in the form of the following inequality
ρs˙+∇ · J = σ ≥ 0. (4)
Here J is the entropy flux, comoving current density of the of the entropy. The specific entropy is a function of the
specific internal energy u, the density ρ, the gravitational potential ϕ and its gradient ∇ϕ. The entropy inequality is
conditional, the balances of mass and internal energy are to be applied as constraints.
The first constraint is the conservation of mass, which is given by the equation
ρ˙+ ρ∇ · v = 0. (5)
Here the dot denotes the substantial or comoving time derivative, that is a˙ = ∂a
∂t
+v·∇a for any a(t,x) nonrelativistic
fields. Furthermore v is the velocity field of the continuum, defined in the usual way as mass and momentum flow
[16]. The balance of momentum is given as
ρv˙ +∇ ·P = 0. (6)
Here P is the pressure tensor, which is symmetric as we assume that the internal rotation is moment of momentum
of the continuum is zero. The balance of internal energy follows as (see e.g. [6])
ρe˙+∇ · q = −P : ∇v, (7)
where q is the heat flux, the conductive current density of the internal energy, and the double dot denotes the trace
of the product of the corresponding tensors P : ∇v = Tr(P · ∇v) .
With the help of the Gibbs relation and the balances of mass and internal energy, (5) and (7) it is straightforward to
calculate the entropy balance. In the Appendix we have given a simple derivation, based on separation of divergences,
generalizing de Groot and Mazur for weakly nonlocal state spaces [5, 17, 18]. Then the entropy balance is obtained
in the following form:
ρs˙+∇ ·
[
1
T
(
q+
1
4piG
ϕ˙∇ϕ
)]
= (8)
(
q+
ϕ˙
4piG
∇ϕ
)
· ∇
(
1
T
)
+
ϕ˙
4piGT
(∆ϕ− 4piGρ)−
[
P− pI−
1
4piG
(
∇ϕ∇ϕ −
1
2
∇ϕ · ∇ϕI
)]
:
∇v
T
≥ 0,
where I is the second order unit tensor, and the entropy flux is J = 1
T
(
q+ 1
4piG
ϕ˙∇ϕ
)
.
Now one obtains the usual solution of the entropy inequality after the identification of thermodynamic forces
and fluxes. In our case the heat flux q and the pressure tensor P are constitutive quantities and the classical
thermodynamic forces of thermal and mechanical interactions can be identified [5]. Also, according to contemporary
theories of nonequilibrium thermodynamics the evolution equation of the gravitational potential ϕ˙ can be considered
as a constitutive function [15, 19]. The corresponding thermodynamic fluxes and forces are given in Table I.
3Thermal Gravitational Mechanical
Fluxes q+ ϕ˙
4piG
∇ϕ ϕ˙ P− pI−Pgrav
Forces ∇
(
1
T
)
1
T
(
∆ϕ
4piG
− ρ
)
−
∇v
T
TABLE I: Thermodynamic fluxes and forces of self-gravitating fluids. Pgrav is the gravitational pressure.
Both the mechanical and thermal thermodynamic fluxes have changed due to the presence of gravitation. There is
a contribution to the heat flux and also to the pressure, Pgrav =
1
4piG
(
∇ϕ∇ϕ − 1
2
∇ϕ · ∇ϕI
)
. The difference of the
thermal flux from the heat flux is usual in case of weakly nonlocal internal variables [20]. The thermal interaction
is vectorial, the mechanical is second order tensorial and the gravitational is scalar. Therefore, according to the
representation theorems of isotropic materials, which is the Curie principle in our case, cross effects are possible only
between the scalar part of the pressure and the gravitation. Hence the linear constitutive equations for the heat flux
and the pressure are
q+
ϕ˙
4piG
∇ϕ = λ∇
(
1
T
)
= −λF∇T, (9)
Tr(P)− 3p+
∇ϕ · ∇ϕ
8piG
=
l21
T
(
∆ϕ
4piG
− ρ
)
−
l2
T
∇ · v, (10)
P−Tr(P)
I
3
−
1
4piG
(
∇ϕ∇ϕ−
1
3
(∇ϕ)2I
)
=
− η
(
∇v+ (∇v)T−
2
3
∇ · vI
)
. (11)
Here the upper index T denotes the transpose of the related tensor, λF = λT
−2 is the Fourier heat conduction
coefficient, l2
3T
= ηv is the bulk viscosity and η is the shear viscosity.
Moreover, the differential equation for the gravitational potential is
ϕ˙ =
l1
T
(
∆ϕ
4piG
− ρ
)
−
l12
T
∇ · v. (12)
This is our main result.
The transport coefficients λ, ηv, η, l1, l2 are non negative and L = l1l2 − (l12 + l21)
2/4 ≥ 0, according to the entropy
inequality.
A. Ideal gravitation
If the Poisson equation, ∆ϕ − 4piGρ = 0, is satisfied then the thermodynamic force of- gravitation is zero. In this
case the divergence of the gravitational pressure is proportional to the gravitational force:
∇ ·Pgrav = ∇ ·
[
1
4piG
(
∇ϕ∇ϕ −
1
2
∇ϕ · ∇ϕI
)]
= ρ∇ϕ. (13)
Hence we obtain the usual balances of self-gravitating fluids, where there is only thermal and mechanical dissipation
and the balance of momentum can be written as usual:
ρv˙ +∇ ·P = −ρ∇ϕ.
The dissipation is zero, if the heat flux and the viscous pressure are both zero, that is q = 0 and Π = P− pI = 0.
However, the most general nondissipative self-gravitating fluid is more general. If the coupling between the grav-
itational and bulk mechanical interactions is antisymmetric, the entropy production is zero if λ, η, ηv, l1, l2 = 0. In
this case denoting l12 = −l21 = lˆ 6= 0, the constitutive functions are given as
ϕ˙ = −lˆ∇ · v, (14)
Tr(P) = 3p−
(∇ϕ)2
8piG
−
lˆ
T
(
∆ϕ
4piG
− ρ
)
. (15)
4III. DISCUSSION
We have shown that Newtonian gravitation emerges in the framework of non-equilibrium thermodynamics if the
gravitational potential ϕ is a thermodynamic state variable, as in recent thermostatic theories of nonextensive ther-
mostatistics [21]. One obtains the Poisson equation if the contribution of gravitation to the entropy production is
zero. If the field energy density is quadratic in the gradient of the potential – as it is most natural – then nonequi-
librium thermodynamics leads to a dissipative theory of self-gravitating fluids where the thermodynamic force of the
gravitational interaction is proportional to the Poisson equation.
The well known shape and form dependence of extended gravitating bodies is a particular form of nonextensivity,
which is attributed to long range forces [21, 22]. The weak nonlocality, the presence of the field energy of gravitation
in the thermodynamic potentials is introduced and meaningful only in a local treatment, for the entropy density or
for the specific entropy. For an extended thermodynamic body with spatially varying gravitational field it becomes
naturally nonextensive, in the sense that the body potential is first order Euler homogeneous function of the volume
of the body only for homogeneous gravitational fields. Thermodynamics of field theories, including self gravitating
ones, is best constructed from a local, density based approach.
Any speculation about gravity as a thermodynamic related emergent phenomenon has to deal with the Newtonian
theory. The presented approach is universal, the second law of thermodynamics and the conservation of mass,
momentum and energy are the conditions. Therefore it is a framework of any possible microscopic interpretation.
The consequent structural aspects turned out to be unusual, but somehow straightforward in a continuum treatment.
For example the time dependence of the gravitational potential follows from the coupling with other fields also in
the nondissipative case. Then it is clear, that the identification of additional time dependent phenomena and their
separation from other continuum couplings is an open experimental problem [23, 24].
Gravitation, as far as we know, is not dissipative.However, there are several conceptual and practical problems
and applications that can be treated naturally in a dynamic and thermodynamic framework with ideal gravitation,
too. For example the role of field energy in gravothermal effects, in particular gravothermal instabilities [25–28],
can influence the stability of static equilibria. Recent continuum treatments, like [29, 30], with a nonequilibrium
thermodynamic extension may improve our understanding of this phenomena.
It is also remarkable, that in our case the weak equivalence principle, the equivalence of inertial and gravitational
mass is a consequence of using the same mass density in the field energy term of (1) and in the balance of momentum
(6). In this way the equivalence principle follows if the field energy of gravitation, ρgravf =
∇ϕ·∇ϕ
8piG
is independent of
the mass density, or vice versa the equivalence principle requires a mass independent field energy density.
A further property of our approach is that the treatment of other kind of gravitating continua, like self gravitating
elastic solids and coupling to other interactions is also simple and straightforward, including more complex rheoelastic
or multicomponent media [15]. Finally we would like to stress, that the presented treatment is nonrelativistic but
reference frame independent as one can see from a Galilean relativistic treatment of fluids in the nonrelativistic
spacetime [31]. This is because a gradient of a scalar is a spacelike covector, invariant of the change of reference
frames.
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IV. APPENDIX
Appendix. Here we show a simple calculation of the entropy balance (8). The key aspect of the derivation is
the Gibbs relation (2), which enhances the separation of surface and bulk contributions, according to the classical
method of de Groot and Mazur [5]. Let us remark, that there are weakly nonlocal generalizations of the more rigorous
Coleman-Noll or Liu methods for exploiting the entropy inequality [32, 33].
In this calculation we calculate the comoving time derivative of the entropy density and then substitute the balances
of mass, (5), and internal energy, (7):
5ρs˙ = ρ (∂ese˙+ ∂ρsρ˙+ ∂ϕsϕ˙+ ∂∇ϕ(∇ϕ)
·) =
=
1
T
ρe˙+
p
T
ρv˙ −
ρ
T
ϕ˙−
1
8piGTρ
(∇ϕ)2ρ˙−
1
4piGT
∇ϕ · (∇ϕ)· =
= −∇ ·
(q
T
)
+ q · ∇
(
1
T
)
−
1
T
P : ∇v +
p
T
∇ · v −
ρ
T
ϕ˙−
1
8piGT
(∇ϕ)2∇ · v−
−∇ ·
(
1
4piGT
ϕ˙∇ϕ
)
+
ϕ˙
4piG
∇ϕ · ∇
(
1
T
)
+
ϕ˙
4piGT
∆ϕ+
1
4piGT
∇ϕ · ∇v · ∇ϕ =
= −∇ ·
[
1
T
(
q+
1
4piG
ϕ˙∇ϕ
)]
+
(
q+
ϕ˙
4piG
∇ϕ
)
· ∇
(
1
T
)
+
ϕ˙
4piGT
(∆ϕ− 4piGρ)−
−
[
P− pI−
1
4piG
(
∇ϕ∇ϕ−
1
2
∇ϕ · ∇ϕI
)]
:
∇v
T
≥ 0. (16)
Here we have used that the gradient and the substantial time derivative do not commute, because
(∇ϕ)· = ∇ϕ˙−∇ϕ · ∇v.
Now, one can identify the entropy flux in the last two lines of (16) as full divergence and the entropy production as
follows.
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